This paper takes a step towards characterizing fields whose finite abelian extensions are uniquely determined by their norm groups and related essentially in the same way as in the classical local class field theory. It proves the existence of such a theory for every field E satisfying the following two conditions: (i) the p -component of the Brauer group Br (E) is nontrivial whenever p is a prime number for which the maximal p -extension of E is proper; (ii) the relative Brauer group Br (L/E) equals the maximal subgroup of Br (E) of exponent p , for every cyclic extension L of E of degree p . We also find an exact analogue to the local reciprocity law and a partial analogue to the local Hasse symbol.
Introduction
This paper is devoted to the study of finite abelian extensions of strictly PQL-fields, i.e. of primarily quasilocal (abbr., PQL) fields E such that the p -component Br (E) p of the Brauer group Br (E) is nontrivial whenever p is a prime number for which E is properly included in its maximal p -extension E(p) (in a separable closure E sep of E ). It shows that finite abelian extensions of a strictly PQL-field E and their norm groups are related as in the fundamental correspondence of the classical local class field theory (see, for example, [I, Sect. 6.3] or Serre's lecture in [CF, Ch. VI] ).
Moreover, the paper proves that they are subject to an exact analogue to the local reciprocity law, and related by a partial analogue to the local Hasse symbol (cf. [Sch, Ch. 6, Theorem 8] , [Wh1, Part I] and [Ko, Ch. 2] ). These results bear entirely an algebraic character and take a serious step towards characterizing the fields whose finite abelian extensions are related to their norm groups as in the fundamental correspondence. When E belongs to some special classes of traditional interest, properties of a PQL-field E . They are deduced from similar results on finite abelian p -extensions of p -quasilocal fields, stated as Theorem 3.1. This approach uses several properties of p -quasilocal fields without generally valid analogues for PQLfields (see Propositions 2.2-2.3, statement (2.2) (i) and [Ch5, Corollary 8.5] ). As shown in [Ch7] and [Ch5, II, Sect. 3] , it enables one to describe the isomorphism classes of Brauer groups of quasilocal nonreal fields and to do the same for the reduced parts of the Brauer groups of equicharacteristic Henselian valued absolutely stable fields with totally indivisible value groups. Thus it turns out that the most representative presently known source of strictly PQL-fields is formed in the common area of algebraic geometry and Galois theory (see [SVdB; S] as well as (2.3), and compare (2.1) with (1.2), (2.2) and Remark 2.4). This source and Theorem 3.1 have applications to Brauer groups of arbitrary and some function fields, which gives a possibility to understand properly essential group-theoretic aspects of the behaviour of the norm groups of finite Galois extensions of quasilocal nonreal fields (see [Ch7] ).
Before stating our third main result, recall that a field F is Pythagorean with F(2) = F( √ −1) if and only if it is formally real and 2 -quasilocal [Ch5, I, Lemma 3.5] . Note also that, by [Wh2, Theorem 2] , if p ∈ P(F) , then F(p) contains as a subfield a Z p -extension U p of F (i.e. Galois with G(U p /F) isomorphic to the additive group Z p of p -adic integers) unless p = 2 and F is Pythagorean. When E is a local field, the former assertion of Theorem 1.1 yields the fundamental correspondence of the classical local class field theory. Note also that if E is strictly PQL with d(p) = 1 , for all p ∈ P(E) (i.e. with Br (E) embeddable in the quotient group Q/Z , where Q is the additive group of rational numbers and Z is the subgroup of integers), then Theorem 1.2 states that E * /N(M/E) ∼ = G(M/E) . The embeddability of Br (E) into Q/Z is ensured, for instance, under the following hypotheses:
(1.2) (i) If E is an algebraic PQL-extension of a global field E 0 . In this case, if
Br (E) p = {0} , then p ∈ P(E) and Br (E) p is isomorphic to the quasicyclic p -group Z(p ∞ ) unless p = 2 and E is formally real (cf. [Ch6, Theorem 2.1]).
where Σ is the set of finite extensions of E in E sep , is an Artin-Tate class formation; such being the case, E is SQL (see [NP] , [AT, Ch. 14, Sect. 5] and [K] ).
It is well-known that (1.2) (ii) holds, if E is p -adically closed or has a Henselian discrete valuation with a quasifinite residue field. Note also that the statement of Theorem 1.2 coincides in case (1.2) (ii) with the local reciprocity law of the Artin-Tate abstract class field theory (see [AT, Ch. 14, Sect. 5] ). As to Theorem 1.3, it can be viewed as a partial analogue to the local Hasse symbol (see also Theorem 3.2, Remark 6.3 and [Wh1, I, Theorem 3] ). The question of whether fields with LCFT are strictly PQL is open (see Remark 3.4 for more details). Here we prove that SQL-fields are those whose finite extensions admit such a theory (Corollary 3.6).
The paper is organized as follows: Section 2 includes preliminaries used in the sequel. The p -quasilocal variants of Theorems 1.1-1.2 and 1.3 are stated in Section 3, and proved in Sections 4 and 5-6, respectively. Section 4 also contains an interpretation of the main results in the language of Galois cohomology. It generalizes known relations between local fields and Demushkin groups (cf. [S1, Ch. II, Theorem 4] and [MW1, Remark 2.6]) as well as the sufficiency part of the main results of [MW1, 2] (see (4.2) and (4.3)).
Preliminaries on PQL-fields
The present research is based on the possibility to reduce the study of norm groups of finite abelian extensions to the special case of p -extensions, by applying the following lemma (which can be deduced, e.g. from Galois theory and [Ch5, II, Lemma 2.2]). The main results of [Ch5, I] used in the present paper can be stated as follows:
is an algebra of p -primary dimension. Then R , E and D have the following properties:
(i) R is p -quasilocal and D is a cyclic E -algebra with ind (D) = exp (D) ;
(ii) Br (R) p is a divisible group unless p = 2 , R = E and E is a formally real field; in the excluded case, E(2) = E( √ −1) and Br (R) 2 = Br(E) 2 is of order 2 ; (v) Every E -automorphism ψ of the field R is extendable to a ring automorphism on each central simple R -algebra of p -primary index.
Our next result provides an essentially equivalent form of Proposition 2.2 (iv) and an illustration of its optimality in the class of strictly PQL-fields (for a proof, see [Ch5, II] A) ) , for a suitably chosen strictly PQL-field F(A) . This result and Proposition 2.2 (ii) are complemented by the following assertion which describes, upto an isomorphism, the abelian torsion groups that can be realized as Brauer groups of some basic types of nonreal PQL-fields (see [Ch7, Theorem 1.2] with its proof, and the references to [Ch7, Remark 5.4 (i) ], for a similar treatment of the formally real case). It also shows the absolute Galois groups of nonreal SQL-fields are not necessarily prosolvable and may have a very complex structure:
(2.2) An abelian torsion group T is isomorphic to Br (E) , for some nonreal PQL-field E = E(T) if and only if T is divisible. If T is divisible, χ is a nonempty formation of finite groups (in the sense of [Sh] ) and S is a set of profinite groups, then E can be chosen from the class of quasilocal fields with the following properties: (ii) Every G ∈ S is realizable as a Galois group over E .
Note that if (F, v) is a Henselian valued field and p is a prime number for which v(F) = pv(F) , Br (F) p = {0} and finite extensions of F are p -quasilocal, then the Sylow pro-p -subgroups of G F are isomorphic to Z p except, possibly, in case p = char( F) when they may be trivial; moreover, if p = char( F) , then the Sylow pro-p -subgroups of G F are of rank 2 (see [Ch1] and the concluding comment in [Ch5, I] (2.4) (i) Describe the isomorphism classes of divisible abelian torsion groups realizable as Brauer groups of SQL-fields.
(ii) Let E be an SQL-field such that G E is prosolvable. Find whether the nonzero components Br (E) p are isomorphic to Z(p ∞ ) , with at most one exception.
Remark 2.5. It is known (see [NP] ) that a field E is subject to (1.2) (ii) if and only if it is SQL, Br (E) is embeddable in Q/Z and R E/R is surjective, for every finite extension R of E in E sep . While the richest source of such fields comes from (2.2), one should add to the examples given after the statement of (1.2) any algebraic SQL-extension of a global field (see [NP] and [Ch6, Sect. 3] ).
Statements of the main results of local p -class field theory
Our main results on local p -CFT are contained in the following two theorems:
Theorem 3.1. Let E be a p -quasilocal field with Br (E) p = {0} , for some p ∈ P(E) , and suppose that Ω p (E) is taken as in Section 1, and I p and d(p) are determined as in Theorem 1.2. Then E admits local p -CFT, and for each M ∈ Ω p (E) ,
Theorem 3.1 and Lemma 2.1 imply Theorem 1.2 and the former assertion of Theorem 1.1. The concluding statement of Theorem 3.1 is an exact analogue to the local reciprocity law, and our next result can be viewed as such an analogue to Hasse's symbol for local fields (see [Ko, Ch. 2] and Remark 6.3).
, of surjective group homomorphisms satisfying the following:
The rest of this Section concerns the question of whether fields with LCFT are strictly PQL. The obtained results (and Lemma 2.1) imply the latter assertion of Theorem 1.1. (ii) It is known that algebras in d(E) of index p satisfy the concluding condition of Proposition 3.3 in the following cases: (a) E is an algebraic extension of a global or local field; (b) E contains a primitive p -th root of unity or char (E) = p ; (c) p = 3 .
In case (b), this follows from the Merkurjev-Suslin theorem [MS, (16.1) ] and Albert's theory of p -algebras (cf. [A, Ch. VII, Theorem 28]). Algebras in d(E) of index 3 are cyclic, by Wedderburn's theorem (see [P, Sect. 15.6] ), and in case (a), all central simple E -algebras are of this kind, by class field theory (cf. [AT, Ch. 10, Theorem 5] and [Ch5, (1. 3)]). It is not known, however, whether E is strictly PQL, if it admits LCFT and has a Henselian discrete valuation (see [Ch4, Sect. 2] , for more details). Proof. Note that E is p -quasilocal if and only if K is of the same kind (see [Ch5, I, Sect. 4] ), and by the Albert-Hochschild theorem (cf. [S1, Ch. II, 2.2]), R E/K is surjective. Since the exponent of Br (K/E) divides [K: E] (see [P, Sects. 13.4 and 14 .4]), and by Witt's theorem (cf. [Dr, page 110] ), Br (E) p and Br (K) p are divisible, this shows that Br (E) p = {0} if and only if Br (K) p = {0} . Applying finally Theorem 3.1 and Remark 3.4 (ii), one proves the corollary.
The concluding result of this Section clarifies the role of SQL-fields in LCFT. In view of (2.2) and Remark 2.5, it also determines the place of the Neukirch-Perlis variant of the theory [NP] , built upon (1.2) (ii), in the study of strictly PQL-fields along the lines drawn in this paper.
Corollary 3.6. A field E is SQL if and only if its finite extensions admit LCFT. When this is the case, cd p (G E ) = 1 , for every prime p = char(E) .
Proof. The left-to-right implication is contained in Theorem 1.1, so we prove the converse one and the inequalities cd p (G E ) = 1, p = char(E) . Suppose that every finite extension L of E admits LCFT, p is a prime number such that cd p (G E ) = 0 , and E p is the fixed field of some Sylow pro-p -subgroup of G E . It is known (cf. [L, Ch. VIII, Sect. 3] ) that E p contains a primitive p -th root of unity unless p = char(E) . Also, Proposition 3.3 and Remark 3.4 (ii) indicate that L is pquasilocal, provided that char (E) = p or L contains a primitive p -th root of unity.
Since p does not divide the degrees of finite extensions of E in E p , this enables one to deduce from the behaviour of Schur indices under scalar extension maps (cf. [P, Sect. 13.4] ) that E p is p -quasilocal. Moreover, it follows from [Ch5, I, Lemma 8.3 ] that E is quasilocal. Note further that our choice of p ensures the existence of finite normal extensions of E in E sep of degrees divisible by p . Therefore, by Sylow's theorems and Galois theory, there exists a finite extension L 0 of E in E p , such that p ∈ P(L 0 ) . As in the process of proving that E p is p -quasilocal, these observations imply that p ∈ P(E p ) and Br (E p ) = {0} . Hence, by Galois cohomology (cf. [S1, Ch.
II, Proposition 5] and [Ch2, Sect. 2]), we have cd p (G E ) = 2 , unless p = char(E) or p = 2 and E is formally real. At the same time, it follows from the Artin-Schreier theory (cf. [L, Ch. XI, Sect. 2] and [S1, Ch. I, 3.3]) that cd 2 (G F ) = ∞ , for every formally real field F . Finally, Proposition 3.3 shows that PQL-fields with LCFT are strictly PQL, which completes our proof.
Note here that the abstract point of view on LCFT dates back to Artin and Tate [AT, Ch. 14] . It agrees with the character of the closely related class formation theory (see [K] ). In the same spirit, Corollary 3.6, Remark 2.5 and statements (2.2) and (2.3) show that the Neukirch-Perlis variant of LCFT goes substantially beyond the limits of (2.1) (i). . To prove the obtained isomorphism in full generality we need the following two lemmas. 
. This proves Lemma 4.1 in the case of t = 2 . Since (E 1 E i )/E 1 is cyclic, for each i ≥ 2 , and by Proposition 2.2 (i), E 1 is p -quasilocal, the obtained results enable one to complete the proof of the lemma by induction on t . fix an E -automorphism ψ of M 0 of order p , and take elements η 1 ∈ M * 1 and
Observing also that M 0 is p -quasilocal and [M 1 : M 0 ] = p (µ 1 −1) , and proceeding by induction on µ 1 , one proves (4.1) (i).
Assume now that M 1 ∩ M 2 = E . Then the Galois-theoretic part of (4.1) (ii) is contained in [L, Ch. VIII, Theorem 4] . The former assertion of (4.1) (iii) is implied by Proposition 2.2 (iii), the basic restriction-corestriction (RC) for- It remains for us to prove the equality N(M 1 /E)N(M 2 /E) = E * and the latter part of (4.1) (iii). Suppose first that M 2 /E is a cyclic extension, and the automorphisms σ, σ ′ are determined as in (4.1 in case M 2 /E is cyclic. Our argument, combined with Proposition 2.2 (ii)-(iii) and the RC-formula, also proves the latter part of (4.1) (iv). Henceforth, we assume that M 2 /E is noncyclic, i.e. G(M 2 /E) is an abelian p -group of rank r ≥ 2 .
It follows from Galois theory and the structure of finite abelian groups that then there exist cyclic extensions F 1 and F 2 of E in M 2 , such that F 1 ∩ F 2 = E and the p -groups G(M 2 /F 1 ) and G(M 2 /F 2 ) are of rank r − 1 . As M 1 ∩ M 2 = E , one also sees that (M 1 F u ) ∩ M 2 = F u : u = 1, 2 . Taking now into account that F 1 and F 2 are p -quasilocal fields, and proceeding by induction on r , one reduces the proof of the equality N(M 1 /E)N(M 2 /E) = E * modulo the hypothesis that
By the transitivity of norm mappings in towers of finite extensions, then we have N (F 1 
and since N(F 1 /E)N(F 2 /E) = E * , our assertion becomes obvious, so (4.1) is proved.
We are now in a position to prove Theorem 3.1 (and thereby, also Theorem 1.2 and the former part of Theorem 1.1). Assuming as above that M u ∈ Ω p (E): u = 1, 2 , and M 1 M 2 = M ′ , denote for brevity by M ′ 0 the field M 1 ∩ M 2 . We first show that In the rest of this Section we turn our attention to some Galois cohomological aspects of the problem of characterizing fields with LCFT. Let p be a prime number, P an infinite pro-p -group, and F p a field with p elements. We say that P is a pgroup of Demushkin type, if the group homomorphism ϕ h :
. When this is the case, we call a degree of P the dimension of H 2 (P, F p ) as a vector space over F p . Local p -CFT and p -groups of Demushkin type are related as follows: Corollary 4.5. Let E be an SQL-field and p a prime number for which cd p (G E ) = 0 . Then the Sylow pro-p -subgroups of G E are p -groups of Demushkin type of degree d p ≥ 1 , unless p = char(E) or E is formally real and p = 2 .
Proof. Denote by E p the maximal extension of E in E sep fixed by some Sylow pro-p -subgroup of G E . Then E p contains a primitive p -th root of unity unless p = char(E) , and by the proof of Corollary 3.6, E p is p -quasilocal with Br (E p ) p = {0} . Thus our assertion reduces to a consequence of Proposition 4.4 and [Ch2, Proposition 3.1] .
It is easily seen that the degrees of p -groups of Demushkin type are bounded by their ranks. The following conversion of this fact can be deduced from Proposition 4.4 and Corollary 4.5 by analyzing the the proof of (2.2) (see the end of [Ch7, Sect.
5]):
(4.2) For any system d ≥ ℵ 0 and d p ≤ d: p ∈ P , of cardinal numbers ≤ d , where P is the set of prime numbers, there exists a field E such that G(E(p)/E) and the Sylow pro-p -subgroups of G E are of rank d , Demushkin type and degree d p , for every p ∈ P .
By a Demushkin pro-p -group, we mean a p -group of Demushkin type of degree 1 . Pro-p -groups of this kind and rank ≤ ℵ 0 are classified (cf. [D1, 2; Lab1, 2] and [S2] ). As shown in [MW1, 2] , such a group of rank ℵ 0 is realizable as a Galois group of a maximal p -extension if and only if it is of s -invariant zero. In view of [Ch1, Proposition 3.2] , this allows us to specify (4.2) as follows: Our next result shows that the restriction d ≥ ℵ 0 in (4.2) can not be ruled out.
Corollary 4.6. Let E be a field containing a primitive p -th root of unity, for some prime number p . Suppose also that G(E(p)/E) is a p -group of Demushkin type of finite rank r(p) . Then G(E(p)/E) is a Demushkin group or a free pro-p -group.
Proof. This is known in the special case of r(p) = 2 (cf. [W2, Lemma 7]), so Proposition 4.4 (with its proof) allows one to assume further that r(p) ≥ 3 and Br (E) p = {0} . Denote by d the degree of G(E(p)/E) , and consider a Galois extension E ′ of E in E(p) with G(E ′ /E) elementary abelian of order p r(p)−1 . By Theorem 3.1, then N(E ′ /E) is a subgroup of E * of index p (r(p)−1).d and E * p ⊆ N(E ′ /E) . Therefore, (r(p) − 1).d ≤ r(p) , and since r(p) ≥ 3 , this implies that d = 1 , which completes our proof.
Remark 4.7. Let E be an SQL-field with G E prosolvable. It would be of interest to know whether the Sylow pro-p -subgroups of G E are of ranks ≤ 2 , for all prime p , with ≤ 2 exceptions (see [Koe, 2 .5 ÷ 2.7]). If (2.1) holds, the answer is positive except, possibly, in case p = char(E) (see [Ch2, Sect. 3 ] and the proof of (2.3)). This question is also motivated by (4.2) and Corollary 4.6, and is related to (2.2) and (2.4) (ii) by [MS, (11.5) ].
Preparation for the proof of Theorems 3.2 and 1.3
Let E be a field, M ∈ Ω(E) , Π the set of prime divisors of [M: E] , and M p = M ∩ E(p) , for each p ∈ Π . Obviously, the homomorphism group Hom(E * , G(M/E)) is isomorphic to the direct group product p∈Π Hom(E * , G(M p /E)) , so Theorem 1.3 can be deduced from Theorem 3.2, Lemma 2.1 and Proposition 2.2 (ii). The results of this Section serve as a basis for the proof of Theorem 3.2 (which is obtained in Section 6 and includes an explicit definition of Hasse's symbol). Our starting point are the following two lemmas. 
Proof. In view of Galois theory, this is equivalent to the following statement:
(5.1) Let G be a finite abelian p -group of rank t ≥ 1 and H a maximal subgroup of G . Then these exist cyclic subgroups G 1 , . . . , G t of G , such that the (inner) products of G i : i = 1, . . . , t , and H ∩ G i : i = 1, . . . , t , are direct and equal to G and H , respectively.
To prove (5.1) take a cyclic subgroup G 1 of G of maximal order so that the order of the group H 1 = H ∩ G 1 equals the exponent of H . It follows from the choice of G 1 that G 1 G 0 = G whenever G 0 is maximal among the subgroups of G , which trivially intersect G 1 (cf. [F, Sects. 15 and 27] ). This implies the existence
and the products H 1 H ′ 1 and G 1 G ′ 1 are equal to H and G , respectively. Therefore, (5.1) can be proved by induction on t .
Lemma 5.2. Assume that E , M , p and t satisfy the conditions of Lemma 5.1, and let F be a maximal subfield of M including E . Then there exist cyclic extensions Proof. This is equivalent to the following statement:
(5.2) Let G be a finite abelian p -group of rank t ≥ 1 , H a subgroup of G of order p , and π the natural homomorphism of G on G/H . Then G contains elements g 1 , . . . , g t , for which the products of the cyclic groups g 1 , . . . , g t and π(g 1 ) , . . . , π(g t ) are direct and equal to G and G/H , respectively. For the proof of (5.2), consider a cyclic subgroup C 1 of G of maximal order, and such that C 1 ∩ H is of minimal possible order. Then one can find a subgroup C ′
. This implies G/H is isomorphic to the direct product (C 1 H)/H × (C ′ 1 H)/H , which allows one to prove (5.2) by induction on t .
Let now G be a finite abelian p -group of rank t ≥ 2 . A subset g = {g 1 , . . . , g t } of G is called an ordered basis of G , if g is a basis of G (i.e. the product of the cyclic groups g 1 , . . . , g t is direct and equal to G ) and the orders of the elements of g satisfy the inequalities o(g 1 ) ≥ . . . ≥ o(g t ) . It is known that the automorphism group Aut (G) acts transitively on the set Ob (G) of ordered bases of G . Arguing by induction on t , and using the fact that cyclic subgroups of G of exponent o(g 1 ) are direct summands in G (see [F, Sect. 27] ), one obtains that Aut (G) has the following system of generators: This will be used for minimizing the difficulties in the proof of the following two lemmas. Proof. If t = 1 , our assertions can be deduced from Theorem 3.1 and the general theory of cyclic algebras (see [P, Sect. 15.1] ). Henceforth, we assume that t ≥ 2 . Using consecutively Galois theory and Theorem 3.1, one obtains that In order to establish this property (a crucial step towards the proof of the lemma), consider another basis σ ′ 1 , . . . , σ ′ t of G(M/E) , and for each j ∈ {1, . . . , t} , let H j be the subgroup of G(M/E) generated by the elements σ ′ i : i = j , F j the maximal intermediate field of M/E fixed by H j , τ ′ j the E -automorphism of F j induced by σ ′ j , and F ′ j the compositum of all F i with i = j . It follows from Galois theory that 
for some pair (i, j) of different indices, and some positive integer s less than o(σ i ) and divisible by max {1, o(σ i )/o(σ j )} . Then it follows from Galois theory that obvious. Note also that if t = 1 , then the remaining statements of the lemma can be deduced from the general properties of cyclic algebras. Suppose further that t ≥ 2 .
First we prove that
Let E 1 , . . . , E t be extensions of E in M with the properties described by Lemma 5.2. Then there exists an index j , such that E j ∩ F is a maximal subfield of E j and E i ⊆ F , for any other index i . This allows us to prove our assertion by applying Lemma 5.3 and [P, Sect. 15.1, Corollary b] .
We turn to the proof of Lemma 5.4 (ii) in the special case of [F: E] = p . Our argument goes along the same lines as the concluding part of the proof of Lemma 5.3, so we present it briefly. Suppose that E 1 , E ′ 1 , . . . , E t , E ′ t , τ 1 , σ 1 , . . . , τ t , σ t and c 1 , . . . , c t are determined in accordance with Lemmas 5.1 and 5.3. Then F ⊆ E j and E u ∩ F = E: u = j , for some index j . This implies that F ⊆ E ′ u and τ u is uniquely extendable to an F -automorphismτ u of the field E u F :=Ẽ u , when u runs across the set I j = {1, . . . , t} \ {j} . Take elements α 1 ∈ E ′ 1 , . . . , α t ∈ E ′ t so that N E ′ k E (α k ) = c k : k = 1, . . . , t , and putẼ j = E j ,c j = c j ,τ j = τ p j ,σ j = σ p j , andc u = N E ′ u F (α u ),σ u = σ u : u ∈ I j . It is easily verified that N F E (c j ) = c p j and N F E (c u ) = c u , u ∈ I j . Therefore, it is not difficult to deduce from (4.1) (iii), [P, Sect. 14.7, Lemma a] 
The existence of Hasse's symbols
The main purpose of this Section is to prove Theorem 3.2. Fix an E -automorphism ϕ ∞ of the field E ∞ , which generates G(E ∞ /E) as a topological group, and take a subset Λ p (E) = {b i,n (p): i ∈ I p , n ∈ N} of Br (E) p so that {b i,1 (p): i ∈ I p } is a minimal set of generators of p Br(E) and pb i,n (p) = b i,n−1 (p): i ∈ I p , n ∈ Z and n ≥ 2 (the existence of Λ p (E) is implied by Proposition 2.2 (ii)). For each E ′ ∈ Ω p (E) , let R E ′ /E (b i,n (p)) = b i,n (E ′ ): (i, n) ∈ I p × N , E ′ ∞ = E ∞ E ′ , and [(E ′ ∩ E ∞ ): E] = m(E ′ ) . As E ∞ /E is a Z p -extension and Z p is isomorphic to its open subgroups (see [S1, Ch. I, 1.5, 4 .2] and [KM, Ch. 5, Sect. 1]), it follows from Galois theory that E ′ ∞ /E ′ is a Z p -extension and ϕ m(E ′ ) ∞ uniquely extends to an E ′ -automorphism ϕ ∞ (E ′ ) of E ′ ∞ ; one also sees that ϕ ∞ (E ′ ) topologically generates G(E ′ ∞ /E ′ ) . For each i ∈ I p and n ∈ N , denote by ϕ n (E ′ ) the automorphism of Γ n E ′ induced by ϕ ∞ (E ′ ) , and by g i,n (E ′ ) the element of G((Γ n E ′ )/E ′ ) d(p) with components g i,n (E ′ ) i = ϕ n (E ′ ) , and g i,n (E ′ ) i ′ = 1: i ′ ∈ (I p \ {i}) . By Proposition 2.2 and [P, Sect. 15 .1, Proposition a], there exists a subset C p (E ′ ) = {c i,n (E ′ ): i ∈ I p , n ∈ N} of E ′ * , such that [((Γ n E ′ )/E ′ , ϕ n (E ′ ), c i,n (E ′ ))] = b i,n (E ′ ) , for each (i, n) ∈ (I p × N) . In addition, it is easily verified that, for any n ∈ N , there is a unique surjective homomorphism ( , (Γ n E ′ )/E ′ ): E ′ * → G((Γ n E ′ )/E ′ ) d(p) , with a kernel equal to N((Γ n E ′ )/E ′ ) , which maps c i,n (E ′ ) into g i,n (E ′ ) , when i ∈ I p . Now fix some M ′ ∈ Ω p (E ′ ) and µ ∈ Z so that p µ ≥ [M ′ : E] , and for each i ∈ I p ,
